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Abstract
In this paper complexes with N -nilpotent di3erentials are considered, and are studied anolo-
gies and di3erences with usual homological algebra. c© 2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction
The idea to investigate complexes with a di3erential d such that dN = 0 where
N¿ 3 was introduced by Kapranov [3] and there he hinted to their possible connec-
tions to quantum theories. In this paper, we consider some homological constructions
on N -complexes and indicate some possible applications of N -complexes for certain
nonassociative algebras, namely, we have de@ned the analog of the Hochschild homolo-
gies for them using N -complexes. In the paper is proved the analog of the KAunneth
formula for N -complexes, explicitly described projective generators of the category of
N -complexes, established the Euler–Poincare formula for homologies of N -complexes
and proved the theorem which shows that q-homologies of simplicial objects are either
isomorphic to usual homologies or are 0.
The following is the precise de@nition of N -complexes.
Denition 1 (Kapranov [3]). Let N be a positive integer and let A be an additive
category. An N -complex in A is a sequence of objects and morphisms of A
C = {· · · → C1 → C0}:
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In which the composition of any N consecutive morphisms equals 0.
A source of N -complexes is provided by the following functor. Let A be an abelian
category, and let X be a simplicial object in A. We set
PNn X =
⋂
ker(@i1 : : : @iN−1 )
n−N+2¿i1¡···¡iN−16n
; d|PNn X = @n if x∈PNn X;
then @i1 : : : @iN−1@nx = @n−N+1@i1 : : : @iN−1x = 0 (by de@nition of P
N
n X ) so @nx lies in
PNn−1X and d
N = 0. So, (PNX; d) is an N -complex in A and PN is a covariant functor
from the category of simplicial objects to the category of N -complexes. When N = 2,
PN is the Moore normalization [6].
Let A be an abelian category and let (C; d) be an N -complex in A. Homologies of
C is de@ned as follows [3,4]:
pHn(C) =
ker{dp : Cn → Cn−p}
Im{dN−p : Cn+N−P → Cn} ;
where n∈Z; p= 1; : : : ; N − 1.
Kapranov [3] has shown that for any simplicial object X of vector spaces over the
complex number @eld C; (X; dq) is an N -complex where qN = 1; q∈C and
dq =
n∑
i=0
qi@ni ;
where @ni are face morphisms of a simplicial object X . Obviously, this fact is still valid
if we take X to be a semisimplicial object.
Thus, when X is semisimplicial C-vector space, (X; dq) is an N -complex. Let A
be an associative algebra over C, we de@ne semisimplicial C-vector space C(A; A) as
follows: Cn(A; A)=A⊗
n+1
; @ni (a0⊗· · ·⊗an)=a0⊗ : : : aiai+1 : : : an if i¡n and @nn(a0⊗· · ·
⊗ an) = ana0 ⊗ · · · ⊗ an−1. Let q be a primitive N -root of unity, we call pHn(C(A; A);
dq) the N th Hochschild homology of A and denote it by pHH(A).
Obviously, when N=2 we get usual Hochschild homologies [2], it is straightforward
to see that pHH0(A)=A=Ap if 1¡p, and 1HH0(A)=A=S, where S is a vector subspace
of A generated by elements of the form
x0 : : : xN−1 +
N−1∑
i=1
qixi : : : xN−1x0 : : : xi−1; x0; : : : ; xN−1 ∈A:
When A is a unitary algebra, then there is no interest in pHH∗(A) after the following
result of Kassel and Wambst [4]:
pHHn(A) =


HH2(n−p+1)=N (A) if n+ 1 = pmodN;
HH(2n+2−N )=N (A) if n+ 1 = 0modN;
0 in the other cases:
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2. Category of N -complexes
Morphisms between N -complexes are obviously de@ned. Consider a short exact se-
quence of N -complexes
0→ (C′; d′)→ (C; d)→ (C′′; d′′)→ 0
then we get an exact sequence of ordinary complexes
0 0 0
· · · d
np
←−−−−

C′′n
d∗
N−p
←−−−−

C′′n+N−P
dn
p
←−−−−

C′′n+N
dn
N−p
←−−−− · · ·
· · · d
p
←−−−−
j

Cn
dN−p←−−−−
j

Cn+N−p
dp←−−−−
j

Cn+N
dN−p←−−−− · · ·
· · · d
′p
←−−−−
i

C′n
d′N−p←−−−−
i

C′n+N−p
d′p←−−−−
i

C′n+N
d′N−p←−−−− · · ·

0

0

0
for any @xed n and 16p6N − 1, so we get a long exact sequence of homologies
· · · −→ N−pHn+N−p(C′′) −→ pHn(C′) i∗−→ pHn(C) j∗−→ pHn(C′′) −→ N−pHn−p(C′)
i∗−→ N−pHn−p(C) j∗−→N−pHn−p(C′′) −→ pHn−N (C′) −→ · · · : (1)
Denition 2. We say that an additive category A is a C-category (C is the complex
number @eld) if for any object X of A there is a canonical ring homomorphism ix :C →
HomA(X; X ) such that for any morphism f :X → Y of A and a∈C the following
diagram is commutative:
X
f−→ Y
ix(a)
	
	 iy(a)
X −→
f
Y
We shall write a :X → X instead of iX (a). An example of such a category is
provided by the category of vector spaces over C.
Let A be an abelian category and  be a linear function on objects of A, that is for
any short exact sequence of A 0→ M ′ → M → M ′′ → 0 the following holds:
 (M) =  (M ′) + ’(M ′′):
It is well-known fact in homological algebra that for any 2-complex C in A such that
Ci = 0 for i0 the following holds:
Pc(−1) =
∑
(−1)i (Ci) =
∑
(−1)i (Hi(C))
(Pc(t) =
∑
 (Ci)ti is the Poincare polynomial).
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The following theorem generalizes this fact.
Theorem 1. Let A be a C-abelian category and  be a linear function on objects of
A and C an N -complex in A such that Ci =0 for i0; then for any p=1; : : : ; N − 1
Pc(q) =
∑
qi (Ci) =
1
1− qp
∑
qi( (pHi(C))−  (N−pHi−p(C)));
where q is a primitive N -root of unity qN = 1.
Proof. Denote individual components of the di3erential by di :Ci → Ci−1; we have
 (Ci) =  (Ker(di−p+1 ◦ · · · ◦ di)) +  (Im(di−p+1 ◦ · · · ◦ di)); (2)
 (Ci) =  (Ker(di−N+p+1 ◦ · · · ◦ di)) +  (Im(di−N+p+1 ◦ · · · ◦ di)): (3)
By de@nition of homologies we have
 (Ker(di−p+1 ◦ · · · ◦ di)) =  (Im(di+1 ◦ · · · ◦ di+N−p)) +  (pHi(C));
 (Im(di−p+1 ◦ · · · ◦ di)) =  (Ker(di−N+1 ◦ · · · ◦ di−p))−  (N−pHi−p(C)): (4)
Therefore; by (2) and (3) we have
Pc(q) =
∑
qi( (Ker(di−p+1 ◦ · · · ◦ di)) +  (Im(di−p+1 ◦ · · · ◦ di)))
=
∑
qi( (Im(di+1 ◦ · · · ◦ di+N−p)) +  (Ker(di−N+1 ◦ · · · ◦ di−p)))
+
∑
qi( (pHi(C))−  (N−pHi−p(C))):
So;
Pc(q) =
∑
qi (Ci) =
1
1− qp
∑
qi( (pHi(C))−  (N−pHi−p(C))):
When N = 2p, this theorem yields that
∑
qi (Ci) =
∑
qi (pHi(C)):
This theorem when pHn(C) = 0 for all 16p6N − 1; n¿ 0 was proved by
Kapranov in [3].
An N -bicomplex of an abelian category A is said to be a bigraded object E =
Enm; n; m¿ 0 equiped with two di3erentials d :Enm → En−1m; @ :Enm → Enm−1 such
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that dN = @N = 0 and the following diagram is commutative
Enm
@−→ Enm−1
d
	
	 d
En−1m −→
@
En−1m−1
Let A be in addition a C-category and let q be a primitive N -root of unity. We
de@ne total N -complex of E as follows: Totn(E) =
⊕
i+j=n Eij and the restriction of
the di3erential of Tot(E) on Eij is said to be d⊕ qi@, in this way Tot(E) becomes an
N -complex [3].
An N -complex (C; d) is said to be an acyclic if pHn(C)= 0 for any 16p6N − 1
and n¿ 0. We remark that in this case 1H0(C) = 2H0(C) = · · · = N−1H0(C) indeed
2H1(C) = 0 that means dN−2 :CN−1 → C1 is an epimorpism, therefore Im dp does not
depend on p where dp :Cp → C0; 16p6N − 1, so pH0(C) does not depend on p
and we denote it by H0(C).
The following proposition is well known when N = 2 [6].
Proposition 1. Let (E; d; @) be an N -bicomplex in an abelian category A which is also
a C-category. Let; Em denotes N -complex (E∗m; d). If Em is acyclic for any m¿ 0
then
pHn(Tot(E)) =
ker(@p :H0(En)→ H0(En−p))
Im(@N−p :H0(En+N−p)→ H0(En)) :
Proof. It is suKcient to prove this proposition when Em =0 for m0. When Enm =0
for m¿ 0 the proposition is trivial. Assume that for a @xed m¿ 0; every N -bicomplex
E such that Ei = 0 for any i¿m the proposition is valid. Let E be an N -bicomplex
such that Ei = 0 for any i¿m. Denote by (E∗; d; @) the N -bicomplex E∗nm = Enm+1.
We have the following exact sequence of N -complexes
0→ E0 → Tot(E)→ Tot(E∗)[1]→ 0;
where Tot(E∗)[1] is Tot(E∗) shifted to the right by 1. Let us write the exact sequence
of homologies when n= 0
N−pHN−p−1(Tot(E∗))→ H0(E0)→ pH0(Tot(E))→ 0;
so by inductive hypothesis pH0(Tot(E)) = coker(@N−p :H0(EN−p) → H0(E0)). When
n= p we have
0→ pHp(Tot(E))→ pHp−1(Tot(E∗))→ H0(E0);
so we have
pHp(Tot(E)) = ker(@p :H0(Ep)→ H0(E0))=Im(@N−p :H0(EN )→ H0(Ep)):
When n¿ 1 and n =p we have
0→pHn(Tot(E))→ pHn−1(Tot(E∗))→ 0;
218 A. Tikaradze / Journal of Pure and Applied Algebra 176 (2002) 213–222
so we get that
pHn(Tot(E)) = ker(@p :H0(En)→ H0(En−p))=Im(@N−p :H0(En+N−p)→ H0(En)):
This ends the proof.
Note that for any N -complex C there are canonical morphisms i : pHn(C)→ qHn(C)
for 16p6 q6N−1 and n¿ 0 [3], indeed inclusions ker dp ⊂ ker dq and Im dN−p ⊂
Im dN−q induce the canonical morphism from ker dp=Im dN−p to ker dq=Im dN−q. An
N -complex is said to be a normal if i :pHn(C) → qHn(C) is an isomorphism for any
16p6 q6N − 1 and n¿ 0, in this case we set Hn(C)= pHn(C). As we have seen
every acyclic N -complex is normal.
Let f :Y → X be a morphism of N -complexes. Let us consider the following
N -bicomplex (E; d; @) where En0 = Xn for all n¿ 0; En1 = Yn−1 for all n¿ 1, and
Enm = 0 in the other cases, d :Xn → Xn−1 be the di3erential of X and d :Yn → Yn−1
be the di3erential of Y and @ :Yn → Xn be fn. We de@ne the mapping cone of f
as Tot(E) and we denote it by Cone(f). This is an analog of the classical cone of
morphism. We have the following exact sequence:
0→ X → Cone(f)→ Y [1]→ 0:
Writing the exact sequence of homologies we get
1Hn+1((Cone(f))→ 1Hn(Y ) → N−1Hn(X ) → N−1Hn(Cone(f));
where = fi, and i : 1Hn(X )→N−1 Hn(X ) is the canonical morphism.
Let (C; d′); (C′; d′′) be N -complexes in C-abelian category A with tensor product.
Let q be a primitive N -root of unity, q-tensor product of these N -complexes is
de@ned as a total N -complex of N -bicomplex (E; d; @), where Enm = Cn ⊗ C′m, and
d= d′ ⊗ id; and @= id⊗ d′′ and is denoted by C ⊗ C′.
Let 16p6 r6N −1; p+ r6N . We de@ne a morphism f : pH∗(C)⊗r H∗(C′)→
rH∗(C ⊗ C′) as follows. Let x1 ∈ pHn(C); x2 ∈r Hm(C′) and Mx1 ∈Cn; Mx2 ∈C′m be rep-
resentatives of class x1 and x2, respectively, it is easy to see that dr( Mx1 ⊗ Mx2) = 0 and
the class of Mx1⊗ Mx2 in rHn+m(C⊗C′) is independent from the choice of Mx1 and Mx2, set
f(x1 ⊗ x2) to be a class of Mx1 ⊗ Mx2 in rH (C ⊗ C′).
The following theorem is an analog of the KAunneth theorem.
Theorem 2. Let (X; d) be a normal N -complex in the category of vector spaces over
the complex number 8eld; and let (Y; @) be an N -complex in the same category; then
the morphism constructed before induces an isomorphism between
n⊕
i=0
Hi(X )⊗ pHn−i(Y ) and pHn(X ⊗ Y ) for any n¿ 0 and 16p6N − 1:
Proof. Assume that X is an acyclic then X ⊗ Ym is acyclic and H0(X ⊗ Ym) =H0(X )
⊗Ym; applying Proposition 1 to X ⊗Y we get pHn(X ⊗Y )=H0(X )⊗ pHn(Y ). If X is
an N -complex such that Xi = 0 for i¡n and pHj(X ) = 0 for j¿n; then in the same
fashion we prove that pHm(X ⊗Y )=Hn(X )⊗pHm−n(Y ). Now; it is suKcient to prove
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that any normal N -complex X can be represented as a direct sum X =
⊕
i¿0 X
i where
X ij = 0 for j¡ i and pHj(X
i) = 0 for j¿ i and 16p6N − 1.
Let X be a normal N -complex such that for a @xed n Xi = 0 when i¡n. Because
X is a normal N -complex Im d= Im dp where dp:Xn+p → Xn, because Xn is a vector
space there exists Zi ⊂ Xi for n¡ i6 n+N − 1, such that the restriction of d on Zi is
an isomorphism between Zi and Zi−1 for i¿n + 1 and is isomorphism from Zn+1 to
Im d. Let us consider an N -subcomplex of X an N -complex (Z; d) where Zn=Xn; Zi=0
if i¡n and i¿ n + N . It is easy to see that pHi(Z) = 0 if i¿n and the inclusion
Z → X splits, that is X = Z ⊗ Z ′ where Z ′ is a normal N -complex such that Z ′i = 0
for i¿ n. Now using this procedure we obtain the desired representation of X .
When X is not a normal N -complex the following example shows that Theorem 2
is not valid.
Let us assume that C0 = C ⊕ C; C1 = C; Cn = 0; n¿ 2; n¡ 0 and d′1 :C → C ⊕
C : 1 → (1; 0). C′0 = C′1 = C; C′n = 0; n¿ 2; n¡ 0 and d′′1 :C → C be identity, then
1H0(C⊗C′)=C⊕C=(qx; x)x∈c ≈ C; 1H1(C⊗C′) ≈ C⊕C; 1H0(C)=C⊕C; 1Hn(C)=0.
n¿ 1; n¡ 0. 1H0(C′) = C; 1Hn(C′) = 0; n¿ 1; n¡ 0, so f0 :C ⊕ C → C;f1 : 0 →
C ⊕ C;f is neither epimorphism nor monomorphism.
Denition 3 (Kassel and Wambst [4]). Let f; g : (X; d) → (Y; d′) be morphisms be-
tween N -complexes in C-abelian category A and q be a primitive N -root of unity. A
homotopy between these morphisms are said to be a collection of morphisms sn :Xn →
Yn+N−1; n∈Z such that
(f − g)n = sn−N+1dN−1 + d′sn−N+2dN−2 + · · ·+ d′N−1sn:
It is proved in [4] that in such a case f− g induces zero map on homologies.
Proposition 2. Let f : (X; d)→ (Y; d) be a morphism of N -complexes of vector spaces;
if f : pHn(X )→ pHn(Y ) is 0 for all 16p6N − 1; n¿ 0 then f is homotopic to 0.
Proof. It is easy to prove that X is isomorphic to the direct sum of some N -complexes
(C; d) which for some i¿ 0; Ci= · · ·=Ci+m; Cn=0 if n¡ i or n¿ i+m and d :Cn →
Cn−1 is identity if i + 16 n6 i + m and otherwise is 0; of course m6N − 1. We
assume that X is one of such N -complexes. If m = N − 1 then pHn(C) = 0 for all
16p6N − 1; n¿ 0; we set si to be fi+N−1 :Ci+m → Yi+m and sn = 0 if n = i; it is
trivial to see that {sn} determines a homotopy between f and 0. Let m¡N − 1; then
m+1Hi+m(C) = 0 and ker dm+1 = Ci+m; so fi+m(C) lies in Im dN−m−1 ⊂ Yi+m so their
exists a morphism g :Ci+m → Yi+N−1 such that dN−m−1g=fi+m; we set si to be g and
sn to be 0 if n = i; in this way we get the desired result.
The following proposition is well known when N = 2 [6].
Proposition 3. . Let A be an abelian category with enough projective objects; then
projective objects in the category of N -complexes of A are N -complexes C such that
pHn(C)=0 for all n¿N−1; 1Hn(C)=0 for all n¿ 1 and Cn; pHn(C) are projective
objects for all 16p6N − 1; n¿ 0.
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Proof. At @rst; let us prove that for any projective object P of A; and for any n¿ 0 the
following N -complex is projective N -complex. We set (P[n])i=P if n−N +16 i6 n
and 0 in the other cases; and di3erential di be identity if n − N + 26 i6 n and 0
otherwise. Let f : (X; d)→ (Y; @) be an epimorphism of N -complexes an g :P[n]→ Y
be a morphism of N -complexes; then there exists hn :P → Xn such that fnhn = gn;
we de@ne hj : (P[n])j → Xj as @n−jhn. It is easy to see that we get a morphism of
N -complexes h :P[n]→ X such that fh= g.
Now we prove that these projective N -complexes are projective generators of the
category of N -complexes. Let C be an N -complex in A such that for some n¿ 0 Ci=0
for any i¡n. Let us take a projective object P with an epimorphism f :P → Cn, we
have a morphism g :P[n] → C such that gn = f, so C′ = coker g is an N -complex,
such that C′i = 0 for all i¡n + 1. Continuing this procedure and using the fact that
P[n] is a projective N -complex for all n¿ 0, we will get the desired epimorphism
⊕P;n P[n]→ C.
It is easy to see that pHm(P[n]) = 0 for any n¿ 0; 16p6N − 1 and m¿N − 1,
and 1Hm(P[n]) = 0 for all m¿ 1; n¿ 0, and pHm(P[n]) is either P or 0, so projec-
tive N -complexes satisfy the conditions of the proposition. Conversely, let C be an
N -complex, such that Cn and pHn(C) are projective objects and 1Hn(C)= pHm(C)=0
for all n¿ 1; m¿N − 1. It is straighforward to see that C is a direct sum of P[n] for
some n¿ 0 and projective objects of A.
3. Simplicial vector spaces
It was proved by Kassel and Wambst [4] that if X is homotopic to 0 then (X; dq)
is homotopic to 0 as an N -complex.
The following theorem, as I have been informed by the referee, also has been proved
in [1,5] using di3erent methods.
Theorem 3. Let X be a simplicial object in a C-abelian category; and let N¿ 2; q
be a primitive N -root of unity then we have the following natural isomorphisms for
all 16p6N − 1:
pHn(X ) ∼=


H2(n−p+1)=N (X ) if n+ 1 = pmodN;
H(2n+2−N )=N (X ) if n+ 1 = 0modN;
0 in the other cases:
Proof. Using standard arguments from category theory (see Weibel [4]); we may as-
sume that A has enough projective objects. Let us denote by & the Dold-kan corre-
spondence [4]; by the Dold-kan theorem X is isomorphic to &(NX ); where N is the
normalization functor. It is well known that in the category of chain complexes of A
projective objects are chain complexes C; such that Pn; H0(P) are projective objects of
A for all n¿ 0 and Hi(C)=0 for any i¿ 1 (this is also a consequence of Proposition
2 when N = 2); so every projective chain complex is a direct sum C ⊕ C′; where
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C is 0 in positive dimensions and in dimension 0 it has projective object; and C′ is
homotopic to 0 and C′n is a projective object of A for all n¿ 0.
So, by the Dold-kan theorem projective simplicial objects are direct sums X ′ ⊕ X ′′,
where X ′n ; X
′′
n are projective objects for all n¿ 0, degeneracy and face morphisms of
X ′ are identities and X ′′ is homotopic to 0. It is easy to see that q-di3erential of X ′dqn
is (qn+1 − 1)=q− 1id and is 0 if and only if n+ 1 ≡ 0modN , it is straightforward to
check that n+1Hn(X ′) =X ′0 for 06 n6N − 2 and pHn(X ′) = 0 in the other cases. So,
one concludes that if X is a projective simplicial object then pHp−1(X ) = H0(X ) for
all 16p6N − 1 and pHn(X ) = 0 in the other cases, so projective simplicial objects
satisfy the theorem.
Let X be any simplicial object and let B be a projective simplicial object with an
epimorphism f :B → X , denote kerf by X ′, we have the following exact sequence
of simplicial objects
0→ X ′ → B → X → 0:
Let us write exact sequence of ordinary homologies and q-homologies of simplicial
objects
Hn(X ′)→ Hn(B)→ Hn(X )→ Hn−1(X ′)→ Hn−1(B);
pHm(X ′) → pHm(B) → pHm(X )→ N−pHm−p(X ′) → N−pHm−p(B);
because pHm(X )functor is right exact when m¡p, so the theorem is satis@ed in such
a case. Let us assume that for any i¡m, and 16p6N −1, functor pHi(X ) satis@es
the theorem, if m = N − 1 then m − p + 1 = N − ppHm(B) = 0 and H1(B) = 0, now
from inductive hypothesis we get that pHN−1(X ) = H1(X ):
In the other cases, pHm(X ) ∼= N−pHm−p(X ′) and m + 1 = 0modN if and only if
m−p+1=N −pmodN and m+1=pmodN if and only if m−p+1=0modN and
2(m−p+1)=N−(2(m−p)+2−N )=N=(2m+2−N )=N−2(m−p−(N−p)+1)=N=1,
so for pHm(X ) the theorem is valid.
The following proposition shows that when N¿ 3, N -normalization functor does not
preserve simplicial homotopies.
Proposition 4. Let X be a simplicial object of an abelian category A; and let (C; d)
be a normalization of X ; then 2H2(P3X ) ∼= Z1C ⊕ Z1C; where P3 is 3-analog of
normalization de8ned above and Z1C = ker d1 ⊂ C1.
Proof. By the Dold-kan theorem X0 =C0; X1 =C0⊕C1; X2 =C0⊕C1[s0]⊕C1[s1]⊕C2
and X3 = C0 ⊕ C1[s1s0] ⊕ C1[s2s0] ⊕ C1[s2s1] ⊕ C2[s0] ⊕ C2[s1] ⊕ C2[s2] ⊕ C3. Let us
agree on denotation pZnY which denotes for an N -complex (Y; d)ker dp ⊂ Yn. Let
a=x⊕y1⊕y2⊕ z be an element of 2Z2(P3X ); then @0@1a=x=0; @0@2a=dy1 =0 and
@1@2a=dy2=0; so 2Z2(P3X ) is Z1C⊕Z1C⊕C2. Let a=x⊕y1⊕y2⊕y3⊕z1⊕z2⊕z3⊕h be
an element of P33(X ); then @0@1a=x⊕y1=0 so x=y1=0; @0@2a=y2=0; @0@3a=dz1=0
and @1@2a=y3=0; @1@3a=dz2=0; so @3a=z3+dh and we conclude that 2H2(P3X ) ∼=
Z1C ⊕ Z1C:
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